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The Rovella attractor is a homoclinic class
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Abstract. Rowlla proved the existence of measure-persistent attractors for flows
exhibiting a unique singularity with three real eigenvalues satisfying: 13 < 0 <

A1 < —A3 ([Ro]). In this paper we prove thahostof them are in fact homoclinic
classes.
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1 Intr oduction

Let X' be aC* flow on a manifold. A compact invariant set ¥f is anattractor

if it is transitive and maximal invariant in a positively invariant neighborhood of

it. A homoclinic clasof X! is theclosure of the transverse homoclinic orbits
associated to a hyperbolic periodic orbitXf. Onecan easily find examples of
attractors which are not homoclinic classes as, for instance, the ambient manifold
of a minimal flow. Examples which are homoclinic classes are the non-trivial
hyperbolic, geometric Lorenz and Henon-like attractors ([KH], [B], [C]). The
last two examples are not hyperbolic. In general it is known that a non-trivial
attractor of aC* generic flov is a homoclinic class.

In this paper we provide more examples of non-hyperbolic attractors which are
homoclinic classes. Precisely we shall consider the attractors found by Rovellain
his thesis [Ro]. These attractors are measure-persistent and exhibit a unique sin-
gularity with real eigenvalue.i, A, A3} satisfyingi, < A3 < 0 < A3 < —Agz.

By thisreason we shall call theRovella attractoralthough some authors use the
term contracting Lorenz attractor in opposite to the classical geometric Lorenz
attractor which satisfies the eigenvalue relatign< A3 < 0 < —A3 < Aq. It
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90 R. METZGER and C. MORALES

turns outthat the Rovella attractors are neither hyperbolic (since they display
regular and singular orbits in the same transitive set) nor singular-hyperbolic
(since they are transitive and display non-Lorenz-like singularities [BDV]). In
this paper we prove however that most Rovella attractors are homoclinic classes.

Let us state our result in a precise way. aftracting setof X' is acompact
invariant setA for which there is a neighborhoadl such that

A:ﬂWwy

t>0

The setJ above can be chosen positively invariant, iXt(U) c U. Hereafter
we shall call such a neighborhoasblating block An isolating block can be
chosen arbitrarily close ta as well. IfU is an isolating block anit* is aflow
close toX! then theset

Ay =[Y'W)

t>0

is anattracting set ofy!. This attractor is often called the continuation &f
An invariant set idransitiveif it is w(q) for someq on it. Recall thaty(q), the
omega-limit set o, is the accumulation point set of the positive orbigjafnder
X!. An attractoris a transitive attracting set.

Given a subse®in a BanachE we say thak € Sis apoint ofk-dimensional
full densityof Sif there is a codimensiok submanifoldN C E containingx
such that ifM is ak-dimensional submanifold d intersectingStransversally,
then every poiny € N N M satisfies

mEB NS _
0t m(Br ()

9

wherem is theLebesgue measure M andB; (y) is ther -ball centered ay in
M.

We say that an attractax of X is persistent in an almo¥t-persistent wayf
there is an isolating blockl of A such thatX is ak-dimensional full density
point of

S={Y : Yisclose toX andAy is anattractor ofY}.

In his thesis A. Rovella proved the following result (see part (b) of the Theorem
in [Ro] p. 235).

Theorem 1.1. There is aC*> vector field X, in R3 having anattractor A
containing a singularity with eigenvalues satisfying< A3 < 0 < A1 < —A3
suchthat A is persistentin an almos@-persistent way.

Bull Braz Math Soc, Vol. 37, N. 1, 2006



THE ROVELLA ATTRACTOR IS A HOMOCLINIC CLASS 91

Motivated by the above definitions and result we introduce the following def-
inition: We say that an attractax of X is ahomoclinic class in an almot
persistent waif there is anisolating block of A such thaiX is ak-dimensional
full density point of the set

S={Y : Yisclose toX andAy is ahomoclinic class of’}.

In this paper we improve Theorem 1.1 in the following way.

Theorem 1.2. There is aC*> vector field X, in R® having anattractor A
containing a singularity with eigenvalues satisfyig< 13 < 0 < A1 < —A3
suchthat A is ahomoclinic classin an almost2-persistent way.

Although the unperturbed vector fiekh and itscorresponding attractax in
Theorem 1.2 are exactly the ones in Theorem 1.1 the attractors obtained in our
theorem are not so. Actually, to prove our theorem, we shall prove that the set of
vector fields for which the attractor in Theorem 1.1 is a homoclinic class is large
enough to obtain homoclinic classes in an almost 2-persistent way. Observe that
Theorem 1.2 implies Theorem 1.1 by the Birkhoff-Smale Theorem [KH].

This paper is organized as follows. In Section 2 we introduce the Rovella
attractor and in Section 3 we prove that the corresponding one-dimensional maps
are LEO (locally eventually onto). In Section 4 we prove Theorem 1.2.

2 Construction of Xg and A

We just recall Section 1 p. 237 in [Ro].

Start with aC> vectorfield Xg in R® such thatO = (0, 0, 0) is a singularity.
The eigenvalues oD are real numberaq, A,, A3 satisfyingi, < A3 < 0 <
A1 < —A3. Thecorresponding eigenspaces will be the coordinate axis. We will
also assume thaXy is linearin the cube{(x, Yy, 2 : |X|,|yl, |z < 1}. Both
trajectories of the unstable manifold 6f intersect the top rectangl@ of the
cube.

This rectangle is divided by the stable manifold of O in two subrectangles
the union of which is denoted b@*. Thereare two return maps§loc, I1tar
induced bythe flow from Q* to {x = +1} and from{x = +1} back toQ. The
compositionly = ¢4 o e is thereturn map associated @ and its image
IMp(Q*) consists otwo cusp triangles as in Figure 1-(a). We also assume that
IT has the form

Mo(X, y) = (fo(X), Go(X, ¥))

so I, preserveshe constant vertical foliatiofx = cnt} in Q. We assume that
this foliation is contracted bil,. We further assume the following hypotheses:

Bull Braz Math Soc, Vol. 37, N. 1, 2006
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(b)

©

Figure 1:

(H1) The order offjatx = 0 iss — 1 wheres > 1is a fixed constant.
(H2) fq has adiscontinuity atx = 0 with fo(0+) = —1, fo(0—) = 1.
(H3) f3(x) > Ofor x # 0.

(H4) max.o f3(x) = f3(1) and max_o fi(x) = fy(—1).

(H5) 1 and —1 are preperiodic repelling, that is, there are positive integers
k=, k™, n™, n™ such that

fE @) = 1 5@, @Y EE @) > 1

and o ) ) )
fM (1) = (=1, (FP)(fE 1) > 1

(H6) fo has ngative schwarzian derivative.
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The constructioimplies that there is a compact positively invariant neighbor-
hoodU of the cube above. Define

A:(]%wy

t>0

This endghe construction oKXy andA.

3 Proofs

In this section we prove that the attractompreviously defined is a homoclinic
class in a 2-parameter almost persistent way. By definition we need to prove that
Xo is a2-dimensional full density point of

S={Y : Yisclose toX andAy is ahomoclinic class of’}.

For this we need to define a codimension two submanifbldy the Proposition
in [Ro] p. 241 we have that for everyf in a neighborhoodU of Xq there is

a one-dimensional foliation in the isolating blotk of A which is stable and
varies continuously wittX. With this we can define a one-dimensional nfgp

which isthe continuation of the maffy in the previous section. As in [RO] p.
246 we defineN as the set oK € ‘U such that

(1) and f£ (-1

are preperiodiof periodsn™ andn~—.

Now, let M be aC? 2-dimensionasubmanifold ofU intersectingN transver
sally. To prove the limit in the definition of ke-dimensional full density point,
we only need to consider, as in [Ro] p. 247, a one-parameter fgWily-o in M
such thathe mapsx — fv,(£1) has dewative 1 at 0. We will prove tha = 0
is a full density point of the set of parameters for whicf) is ahomoclinic class
of Y,. Accordingto the arguments in [Ro] p. 247 this suffices. Previously we
shall prove that the associated family= fy, of one-dimensionahaps satisfy
the following theorem.

Theorem 3.1. There is a positive Lebesgue measure subsgftthe parameter
space such that

1. limgao ™ENC2) — 7,

2. Ifae E,thenf,is LEO.

Bull Braz Math Soc, Vol. 37, N. 1, 2006
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Wewill use three properties of the one-dimensional Lorenz-like maps studied
by [Ro]. More precisely, let ¢ [—1, 1] be a compact interval anfl: | — |
be a map such that (1) c | with a discontinuity at the origin. Sef: =
limy_o fX(x) fork > 0, so the properties can be stated as follows:

A0) Outside the origirf is of clas<C2 and withnegative Schwarzian derivative,
and also satisfies

Kalx[®™ < /(%) < Ka|x|*™.
Forsome constantk ;, K, ands with s > 1.
Al) (f”)’(cf) > Ag, for somei. > 1, andfor n > 1.

A2) | f”—l(cf)| > e *" somex small enoughand alln > 1.

In [Ro], section 1V, it is proved that for the associated one-parameter family
of maps{ fa}ac(0,2) Obtained aspecified at the beginning of this section there is
a positive Lebesgue measure suliSet [0, 2) with 0 € E as a Lebesgue full
density point such that the map

f:fa, VaEE

satisfies A0-A2.S0, we only need to prove that ff, satisfies AO-A2hen it is
LEO, redefining the sdE to E N [0, r) for small enoughr if necessary.

The basic strategy is to reduce the non-uniform hyperbolicity of the dynam-
ics of our maps to that of piecewise uniformly expanding maps. That is what
conditions A1-A2 are for, which express a kind of expansiveness. Our proof
follows closely the arguments in section 4 of [M] which in turns is based on the
arguments by L.-S. Young in [Yo] for unimodal maps.

Before the proof we need the following lemmas the first of which corresponds
to (P1) in [Yo].

Lemma 3.2. There exists > 0 such that for evera < [0, r] the mapf = f,
satisfies thdollowing property: There are constantg > 1,b > 0andéy > 0
suchthat for any0 < § < &g thereis ¢(§) > 0 such that, given any € | and
n>1

1) If x, f(x),..., f""5x) & (=8, 8) then(f") (x) > c(8)ay.
2) If in addition, f"(x) € (=8, §) then(f") (x) > bay.
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Proof. This was proved in other form by Rovella in [Ro], see lemmas 1, 1.1,

1.2 and their proofs, in the mentioned article. O
Now, letl, = (™1 e™ form > O, letl, = —1_, form < 0, and

5 = Im1UlpU lpe1, 8 = €2, with A € N andchooseg such that

Sa > B > o, wheresis the fixed constant in (H1).

Let p(m) be the largest integgrsuch thatforeverx € I andj =1, ..., p:

1100 — f17%chH = |fl—cfl<e? if m>0 and

1100 — 7t epl = [1fl—cl<e if m<o.
The timeinterval 1 ..., p(m) is called the bound period fdy} .

The following lemma corresponds to (P2) in [Yo], Lemma 2.2 in [BC2] and
Lemma 1 and 2 in [BC1] for quadratic maps. Indeed, you can find part (b) inside
the proofs of the latter mentioned lemmas. The main difference is the point of
discontinuity and also that we are not dealing with exactly a “quadratic” map but
with some maps that “looks like” a quadratic map in the sense of Property AO.

The proofis essentially contained in [M] and we included it here for complete-
ness.

Lemma 3.3.For eachim| > A, p(m) has the following properties.

a) There is a constar€ («, 8) such that:

)

1_ - L4t elmit

Cf(fi)/(q)fc if yel-1 f(e )],
i)

1_dhy | it

c = ) <C if yel[f(—e ), 1].

forj =0,..., p(m).
b)
B+log4 B+ logic
B +10g(Ky1/s) +s
B+ log4

Im|

where K =
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c) If ze I} then

/ 1
p P
(T (1@) = =Ac

and 1
(FPY (2 > E(A?S)PM :

whereM = e %(s/(CKy))® /5. Ky and p = p(m).

d) (FP*Y(x) zexp(( ﬂ;+2) |m|)

wherep = p(m) andfor x € 1.

Proof. Supposey € [cf, f(e ™) (fory e [f(e”I™*1), ¢ ] the proofis
similar).
First of all note that

(Y@ i@ ¢ t'(fl@) - ')
e 1_[f(c> H(” )

j=1 j=1

sowe only have to get a uniform bound for
k
j=1

Now, f has negative Schwarzian derivative ) since 0 ¢ B;” = [c] —
el ¢ + e P11, andas long asf 1 (z) € B;” we have that

f'(fl2) - f'(c))
f(c;) '

f'(fi2) — f'(c)) J
fiicpH) |~

)

"

slf(y)l'

Then fromcondition AO we obtain:

i f'(fi@@) - ')
j=1

f(c)
The rightside is bounded becauge > « from the condition impose g¢gh
immediately after the proof of Lemma 3.2. Now part (a) follows makng
f (2) with z € (0, e IMI+1y,

A & efi
SO Dr=rE

j=1
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To prove (b).
Forx € I} we hare, assumingn > 0 to fix ideas,
e P> 1P — i = [P (F ) — FPHeD = (FP DY (I f (0 — ()]

for somey e [cf, f(x)] C [—1, f(e”/M+1)] so,

[FP(x) — fP7LchH = (FP Y I fx) — (@) > (f p—1)/<y)r<z%
P Ka mi-2s
o Cl S

(-1
e = M Ko msgas
C, s

So wehave the following bound fop,

K>
log (_) —Im|s —2s+logAcp —logic < —Bp

C]_S
thatis,
__sim . log A + 2s — log {3
= logic+ B logic+ B
If |m| is large enough we can write,
- (s+Diml
logic + B

For the other inequality, from the definition ¢, there must existsae |}
such that

e PP < | P(f(2)) — fPEhH| = (FP'(y | f@ — ()] -
Supposing thaf’ < 4, we obtain,
ZS

K
e PP+D < 4PK1§ < 4p?1e<—|m|+1>s

SO
—B(p+ 1 < plog4+log(Kyi/s) + (—|m| + D)s

which implies that

_ _SIm_log(Ki/s) +s+p
~ B+log4 B+logd -
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Now, to prove part (c), first observe that the first claim in (c) is a direct con-
sequence of part (a) and Al. The second one can be obtained as follows. Let
ze |1 andp = p(m), then

(FP) (2 = (P (F(2).T (2 > KalzI* 2 (FP) (f (2)

Ko s - (1)
N UICYR
We can estimate the value (@ from the inequality
e P < [ 191 — oy = (1)) [1@) - |
ES @

< KaC(fP) ()=
for somet € (f(2), c;) from theMean Value Theorem. For thisthere existy
satisfying the conditions in part (a) and such thay) = £. The lastinequality is
due to AO. So the inequality above is a consequence of the Mean Value Theorem
and part (a).

Rewriting the equation, it stands that:

s S by ey | e BpD
2° 2 g | (P )| e,

Combining thidast inequality with (1) we obtain

s—1

_ﬁ -
e s) s (kg/s)k-e*ﬁk(isl).

’ K2
p+1 =
(") @ = o (CKl

H S
Since B < 7o we have

s—1

: Ky (eFs) 5
(P (2) > 62 (CKl) (k];/se*“)p ’

leading to
/ 1
("™ @ = 2 (\se)P M,
whereM = e %(s/(CKy))SY/5. K, . Sopart (c) is proved.

This ends the proof of Lemma 3.3, because part (d) is an easy consequence of
the second assertion in part (c). O
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Proof of Theorem 3.1. As we said before, it is enough to proof that foin a
small neighborhood of 0 conditions A0, A1l and A2 implies tiats LEO. The
proof is based on an argument in [YO].

In [Yo] it was used the fact that the the initial mdp has afixed point with
dense backward orbit in-1, 1]. Here we don’t have such fixed point fég but
we can constructfy in the following way. First we consider a map with all
the properties off, excepthat it fixes bothl and—1 (note however thaf does
not come from the return map of an attractor). We can chéosenjugated to
1—2x (modZ) so it has a periodic poirte (—1, 1) whose unstable manifold is
the whole[—1, 1]. Sincez € (—1, 1) the conjugation implies that the backward
orbit of zunderF is dense if—1, 1]. In particular,z hasF-preimages in both
I andl_,. Afterward we obtainfy by perturbingF in a way thatfp(—1) > —1
and fg(1) < 1. We choosefj close toF enoughsuch that thefy-continuation
z, of z still has fg-preimages iboth 1, andl_,. Thisfinish the construction of
fo.

As tobe inl, andl_, is anopen condition in the parameter space we have
that the f,-continuationz, of z, still haspreimages in both, andl_, for all
a > Oclose to 0. So, the conclusion remains valid only redué&rig E N[O, r)
for small enought > 0.

Next we follow [Yo], pag. 127. Letf = f,a € E. Firstwe prove that
forall | c [—1,1], there existsg = ng(l) such thatf™(l) D I, or l_4.
According toLemma 3.2, if the iterates df do not intersect—34, §) the length
of the iterates increases, so there is sdmé ) that intersects—3s, 8). If fi(l)
does notontain somey, keep iterating, and note that using Lemma 3.3 we have
[TP(FI()] > |fi(1)], p= p(x) for x € f11. After finitely many returns to
(=38, 8), there must exist; andk; € Z* such thatf 11(1) > I, orl_y,. Consider
fi(ly), ] =1,2,..., and letj, be thefirst time (after the bound period of some
x € ly,) suchthat fJ(ly,) D somely. Since| fi2(ly,)| > |l ], fl2(l,) must
contain soméy, or |_y, with 0 < k < k;. We then considef j (I,) and repeat
theargument until soméj(lkn) Dlaorl_a.

To finish, since there is an; € Z* such thatzy € " (1) or " (1_,),
wherez, is theaforementioned continuation gf. Obsenre that for anyf = f,,

a € E, and [ someinterval containingz, there aistsn, = ny(I') such that
fr2() o [f(01), f(07)],i.e. fisLEO.

So Theorem 3.1 follows. O
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4  Proof of Theorem 1.2

Theorem 3.1 in the previous section implies that the vector field associated to the
Rovella attractor originates a LEO one dimensional map in an almost 2-persistent
way.

That is, in order to prove Theorem 1.2 it is left to prove that a vector field
with a periodic orbit that originates a LEO one dimensional map is a homoclinic
class. For this we use the argument in [B].

Consider the two-dimensional map: Q* — Q*, thereturn map associated
to the Rovella attractor. Define

g —
AY =AY
n=1
the attractofor this return map, where

Al ={x=T"(2) : 2 (2,....1"(2) ¢TI},

andT is theintersection ofQ with the local stable manifold of the singularity.

It suffices to prove thaf\y is ahomoclinic class of1.

Now, since there exists a periodic popwf period two for the one dimensional
map associated to this return map, so there is a periodic padfifperiod two
for the return map (recall that we have a contracting foliatiortpr

So we are going to prove that the homoclinic classpofHn(p), is Af.
ObviouslyHr (p) C Ay so weonly need to proveAy C Hp(p).

Takey € AY ande > 0, we need to provédn (p) N B:(y) # 4. Taken large
enough so that it € Q satisfies thafl' (z) is definedforall0 <i <n—1and
[M"(2) € Be2(y), thenII" carries thecomponent of the stable manifolt®(z)
containingz inside B.(y), i.e., [1"(W3(2)) C B.(y). For such am we have
y € AT by definition,so there i, € B.(y) N AlL. Again by definition there is
z, such thatx, = I1"(z,) with z,, I1(z,), ..., I1"%(z,) well defined.The LEO
property of the one-dimensional map associatdd implies thatWs(p) is dense
in Q andthatWY(p) intersectsW3(z,). Then,there ish, € Hp(p) arbitrarily
close toWs(z,). In particular, we havdl' (h,)) stays closeo IT' (W3(z,)) for

alli =0,...,n, soIl"(h,) € Bc(y) by theproperty ofn. SinceHp(p) is
[T-invariant we get the result. O
References

[B] S. Bautista.The geometric Lorenz attractor is a homoclinic claBsl. Mat.

(N.S.)11(2004), n. 1, 69-78.

Bull Braz Math Soc, Vol. 37, N. 1, 2006



THE ROVELLA ATTRACTOR IS A HOMOCLINIC CLASS 101

[BC1] M. Benedicks and L. Carlesofdn iterations oflL — ax? on (—1, 1). Ann. of
Math. (2)122(1985), n. 1, 1-25.

[BC2] M. Benedicks and L. Carlesofhe dynamics of the Hénon mayn. of Math.
(2) 133(1991), n. 1, 73-169.

[BDV] C. Bonatti, L. Diaz and M. VianaDynamics beyond uniform hyperbolicity. A
global geometric and probabilistic perspectj\Eencyclopaedia of Mathemat-
ical Sciences, 102. Mathematical Physics, Ill. Springer-Verlag, Berlin, 2005.

[C] Y. Cao. The transversal homoclinic points are dense in the codimerkion-
Henon-like strange attractor¢English. English summary) Proc. Amer. Math.
S0c.127(1999), n. 6, 1877-1883.

[GW] J. Guckenheimer and R.F. WilliamStructural stability of Lorenz attractors
Publ. Math. IHES60 (1979), 307-320.

[KH]  A.Katok and B. Hasselblatintroduction to the Modern Theory of Dynamical
SystemsEncyclopedia of Mathematics and its Applications, 54. Cambridge
University Press, Cambridge, 1995.

[Lo] E.N. Lorenz. Deterministic non periodic flonwd. Atmosph. Sci20 (1963),
130-141.

[M] R. Metzger. Sinai-Ruelle-Bowen measures for contracting Lorenz maps and
flows, Annales de L'I.H.P. Jour. d’Analy4€ (2000), n. 2, 247-276.

[RO] A. Rovella.The dynamics of perturbations of the contracting Lorenz attractor
Bull. Braz. Math. Soc24 (1993), 233-259.

[Yo] L-S. Young.Decay of correlations for certain quadratic mgg@omm. Math.
Phys.146(1992), 123-138.

Roger J. Metzger

Instituto de Matematica y Ciencias Afines, IMCA
Jr. Ancash 536, Lima 1

PERU

E-mail: metzger@imca.edu.pe

Carlos A. Morales

Instituto de Matematica

Universidade Federal do Rio de Janeiro

P. O. Box 68530, 21945-970 Rio de Janeiro
BRAZIL

E-mail: morales@impa.br

Bull Braz Math Soc, Vol. 37, N. 1, 2006



